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Abstract 

We strengthen the compatibility between local and global Langlands correspondences for GL n when n 
is even and Z = p. Let L be a CM field and II a cuspidal automorphic representation of GL„(Al) which is 
conjugate self-dual and regular algebraic. In this case, there is an Z-adic Galois representation associated 
to II, which is known to be compatible with local Langlands in almost all cases when I — p by recent work 
of Barnet-Lamb, Gee, Geraghty and Taylor. The compatibility was proved only up to semisimplification 
unless II has Shin-regular weight. We extend the compatibility to Frobenius semisimplification in all cases 
by identifying the monodromy operator on the global side. To achieve this, we derive a generalization of 
Mokrane's weight spectral sequence for log crystalline cohomology. 

1 Introduction 

This paper is a continuation of [C] . Here we extend our local-global compatibility result to the case I = p. 

Theorem 1.1. Let n G Z>2 be an integer and L be a CM field with complex conjugation c. Let I be a prime 
of Q and i\ : Q; — > C be an isomorphism. Let II be a cuspidal automorphic representation of GL„(Aj,) 
satisfying 

• n v ~ n o c 

• II is cohomological for some irreducible algebraic representation H of GL n (L Cg)Q C) 

Let 

R^IL) : Gal(L/L) -> GL n (Q t ) 

be the Galois representation associated to II by [Sh, CHj. Let y be a place of L above I. Then we have the 
following isomorphism of Weil-Deligne representations 

WDiBiWlG^zj^f-** ~ L ^£ n , Ly (n y ). 

Here £ n> L (11^) is the image of IIj, under the local Langlands correspondence, using the geometric nor- 
malization; WD(r) is the Weil-Deligne representation attached to a de Rham Z-adic representation r of the 
absolute Galois group of an Z-adic field; F — ss denotes Frobenius semisimplification. 

This theorem is proved in [BLGGT1, BLGGT2] in the case when II has Shin-regular weight (either n is 
odd or if n is even then II satisfies an additional regularity condition) and in general up to semisimplification. 
Our goal is to match up the monodromy operators in the case when n is even and II does not necessarily 
have Shin-regular weight. By Theorem 1.2 of [C], Tl y is tempered, so of C n x (Jly) is pure (in the sense 
of [TY]) of some weight. By Lemma 1.4 (4) of [TY], given a semisimple representation of the Weil group 
of some Z-adic field, there is at most one way to choose the monodromy operator such that the resulting 
Weil-Deligne representation is pure. 

By Theorem A of [BLGGT2], we already have an isomorphism up to semisimplification. We note that 
Theorem A of [BLGGT2] is stated for an imaginary CM field F. For our CM field L we proceed as on pages 
230-231 of [HT] to find a quadratic extension F/L which is an imaginary CM field, in which y — y'y" splits 
and such that 

[^(n)lGal(VF)] = [Ri(BC F/L (TL))}. 
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This together with Theorem A of [BLGGT2] gives the compatibility up to semisimplification for the place y of 
L. Therefore, in order to complete the proof of Theorem 1.1, it suffices to show that W := WD(Ri(lT) Gal ^i i/ / Ly - ) ) F 
is pure of some weight when n is even. From now on we will let n <E Z> 2 be an even integer. 

Our argument will follow the same general lines as that of [TY]. Our strategy involves reducing the 
problem to the case when IIj, has an Iwahori fixed vector, finding in this case the tensor square of W in the 
log crystalline cohomology of a compact Shimura variety with Iwahori level structure and finally computing 
a part of this cohomology explicitly. For the last step, we need to derive a formula for the log crystalline 
cohomology of the special fiber of the Shimura variety in terms of the crystalline cohomology of closed 
Newton polygon strata in the special fiber. Deriving this formula constitutes the heart of this paper; we 
obtain it in the form of a generalization of the Mokrane spectral sequence or as a crystalline analogue of 
Corollary 4.28 of [C]. 

We briefly outline the structure of our paper. In Section 2 we reduce to the case where II has an Iwahori 
fixed vector, we define an inverse system of compact Shimura varieties associated to a unitary group and show 
that the crystalline cohomology of the Iwahori-level Shimura variety realizes the tensor square of W. The 
Shimura varieties we work with are the same as those studied in [C], so in Section 2 we also recall the main 
results from [C] concerning them. In Section 3 we recall and adapt to our situation some standard results 
from the theory of log crystalline cohomology and the de Rham-Witt complex; we define and study some 
slight generalizations of the logarithmic de Rham-Witt complex. In Section 4 we generalize the Mokrane 
spectral sequence to our geometric setting. In Section 5 we prove Theorem 1.1. 

Acknowledgement. I am very grateful to my advisor, Richard Taylor, for suggesting this problem and for 
his constant encouragement and advice. I would like to thank Kazuya Kato, Mark Kisin, Jay Pottharst and 
Claus Sorensen for many useful conversations and comments. I would also like to thank Luc Illusie for his 
detailed comments on an earlier draft of this paper and in particular for pointing me to Nakkajima's paper 
[Na]. 

2 Shimura varieties 

In this section we show that we can understand the Weil-Deligne representation W = WD(Ri(H) Gal (i y / L ^) F ~ ss 
by computing a part of the crystalline cohomology of an inverse system of Shimura varieties. In the first 
part we closely follow Sections 2 and 7 of [C] and afterwards we use some results from Section 5 of op. cit. 
We claim first that we can find a CM field extension F' of L such that 

• F' = EF\, where E is an imaginary quadratic field in which I splits and F\ — (F') c=1 has [F\ : Q] > 2, 

• F' is soluble and Galois over L, 

• H F , := BC F ' /l(II) is a cuspidal automorphic representation of GL n {K F '), and 

• there is a place p above the place y of L such that n 1 ^, p has a nonzero Iwahori fixed vector 
and a CM field F which is a quadratic extension of F' such that 

• p = pip 2 splits in F, 

• RamfyQ URamQ(II) C Spl F / f2 Q, where F 2 := (F) c=1 , and 

• U° F = BC F / F t(n° F ,) is a cuspidal automorphic representation of GL n (A F ). 

We can find F and F' as in the proof of Corollary 5.9 of [C]. Since purity is preserved under finite extensions 
by Lemma 1.4 of [TY], to show that W is pure it suffices to show that 

W F , := WDWT&^G^/Fp)*-" 

is pure. Note that in this new situation lip, has a non-zero Iwahori-fixed vector. 
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We can define an algebraic group G over Q and an inverse system of Shimura varieties over F' corre- 
sponding to a PEL Shimura datum (F, *, V, {•,•), h). Here F is the CM field defined above and * = c is the 
involution corresponding to complex conjugation. We take V to be the F-vector space F n . The pairing 

(;-):VxV->® 

is a non-degenerate Hermitian pairing such that (fvi,V2) = (v\, f*v 2 ) for all / £ F and vi, v 2 <E V. The last 
element we need is an R-algebra homorphism h : C — > Endp(V) (8>q K such that the bilinear pairing 

(wi,u 2 ) ->■ (vi,h(i)v 2 ) 

is symmetric and positive definite. We define the algebraic group G over Q 

G(R) = {(g, A) e End F ® QR (y <Z>® R) x x i? x \(gv 1 ,gv 2 ) = X(v u v 2 )} 

for any Q-algebra R. 

We choose embeddings n : F C such that T2 = n o a, where a is element of Gal(F/F') which takes 
pi to p 2 - For a £ Hom£ iTiJ (F, C) we let {p a ,q a ) be the signature at <r of the pairing (■,■) on V ®q K. 
In particular, t£ := ti|_e = t 2 \e is well-defined. We claim that it is possible to choose a PEL datum as 
above such that {p T ,q T ) = (l,n — 1) for r = n or r 2 and (p t ,<Zt) = (0,n) otherwise and such that Gq^ 
is quasi-split at every finite place v of Q. This follows from Lemma 2.1 of [C] and the discussion following 
it and it depends crucially on the fact that n is even. We choose such a PEL datum and we let G be the 
corresponding algebraic group over Q with the prescribed signature at infinity and quasi-split at all the finite 
places. 

Let E° F := BC F / L (E) and F 2 — F c=1 . The following lemma is the same as Lemma 7.2 of [Sh]. 

Lemma 2.1. Let 11^ and be as above. We can find a character ip : A^/E x — > C x and an algebraic 
representation £c of G over C satisfying the following conditions: 

• ^n%, = i> c /iP 

• E^, is isomorphic to the restriction of S' to Rp/q(GL n ) xqC, where S' is obtained from <;c by base 
change from G to G n := Re/q(G xq E) 

• Ccl^x = ifrlo, and 

• Ramq(ip) C Spl F/ p 2i q 

• V'lOgX — 1) w/iere u is the place above I induced by i~[ X te- 

Define IT 1 := ij) ® IT^,, which is a cuspidal automorphic representation of GL\{&e) x GL n {Kp) and 

Corresponding to the PEL datum [F, *, V, (•, •), /i) we have a PEL-type moduli problem of abelian vari- 
eties. This moduli problem is defined in Section 2.1 of [C] and here we recall some facts about it. Since 
the reflex field of the PEL datum is F', the moduli problem for an open compact subgroup U C G(A°°) 
is representable by a Shimura variety Xjj / F' , which is a smooth and quasi-projective scheme of dimension 
2n — 2. The inverse system of Shimura varieties Xjj as U varies has an action of G(A°°). As in Section III. 2 
of [HT], starting with £, which is an irreducible algebraic representation of G over Q; we can define a lisse 
Q;-sheaf over each Xjj and the action of G(A°°) extends to the inverse system of sheaves. The direct 
limit 

H l (X,£z) — limH^Xu x F , F',C{) 

is a semisimple admissible representation of G(A°°) with a continuous action of G&1(F'/F' ). It can be 
decomposed as 

ff i (X,£ | )=07r®4 ; ( 7 r), 
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where the sum runs over irreducible admissible representations tt of G(A°°) over Q;. The IQ ; (7r) are finite 
dimensional continuous representations od Ga\(F'/F') over Q;. Let Au be the universal abelian variety over 
Xjj, to the inverse system of which the action of G(A°°) extends. To the irreducible representation £ of G 
we can associate as in Section III. 2 of [HT] non-negative integers and t^ as well as an idempotent of 
H {A^ Xp' F', Qi(t%)). (Here A™ ( denotes the m^-fold product of Ajj with itself over Xjj and Qi(t^) is a 
Tate twist.) We have an isomorphism 

H*(Xu x F ,F',£s)~ a ( H*+ m t(A™ s x F , F',Q,(i c )), 

which commutes with the G(A°°)-action. 

For every finite place v of Q we can define a base change morphism taking certain admissible G(Q„)- 
representations to admissible G(Qt, ^representations as in Section 4.2 of [Sh]. Recall that Ram^yQURamQiI 1 C 
Sp1_f/f 2 ,q- If w ^ Spl^/ F2 Q then we can define the morphism 

EC : Irr^(G(Q„) -> Irr^" e - st (G(Q v )), 

taking unramified representations of G(Q t) ) to unramified, 0-stable representations of G(Q„). If v € Splpy F2 Q 
then the morphism 

BG:Irr (() (G(Q,)^Irr^ st (G(Q,)) 

can be defined explicitly since G(Q„) is split. Putting these maps together we get for any finite set of primes 
©fin such that 

Ram F/Q URani(j(n) c 6 nn C Spl F / F2 Q 

a base change morphism 

BC : In$(G(A 6 «» u <°°>) <g)Irr (I) (G(A 6fi J) -> Irr^- st (G(A e - u {°°>) ® Irr^ st (G(A Sfm )). 

Let p be a prime of <Q> which splits in _E and such that there is a place of F' above p which splits in F. 
Let @fi n be a finite set of primes such that 

Ramp/Q U RamQ(n) U {p} C 6 nn C Spl F/F2Q 

and set 6 := 6 nn U {oo}. For any R e Groth(G(A e ) x G(A Sfin ) x Gal(F'/F')) (over Qz) and tt® G 
Irr ur (G(A e ) define the 7r e -isotypic part of R to be 

fl{7r 6 }:=2n(7r 6 ®p)[7r 6 ][p], 
p 

where p runs over Irr ( (G(A e ) x Gal(F'/F'). Also define 

where each sum runs over tt® e Irr" r (G(A e ) such that BC(nn & ) ~ IF' 6 . 
Proposition 2.2. Le£ 6 = 6 nn U {oo} &e as above. We have the following equality 

SG( J ff 2 "- 2 (X,£ £ )[n 1 ' e ])~G G [^ 1 n 1 ' 00 ][i? ; (n F ,)® 2 ®reQ ;ti (V)] 

o/ elements of Groth(G(A co ) x Gal(F'/F). Here Co is a positive integer and recj )t| (^>) is £/ie continuous 
l-adic character Ga\(E/E) — >• Q* associated to ip by global class field theory. 
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Proof. Let p £ &an be a prime which splits in E and such that there is a place w of F' above the place 
induced by te over p which splits in F, w = W\w 2 . We start by recaling some constructions and results 
from Sections 2 and 5 of [C]. It is possible to define an integral model of each Xu over the ring of integers 
Ok vet K := F Wl ~ F W2 , which itself represents a moduli problem of abelian varieties and to which the sheaf 
The special fiber Yu of this integral model has a stratification by open Newton polygon strata Yfi ST , 
according to the formal (or etale) height of the p-divisible group of the abelian variety at w\ and w 2 ■ Each 
open Newton polygon stratum is covered by a tower of Igusa varieties Ig^p 1 '^ 2 ^, where < hi, h 2 < n — 1 
represent the etale heights of the p-divisible groups at wi and w 2 , and m is a tuple of positive integers 
describing the level structure at p. 
Define 

J^(Q p ) := Q; x Dl n _ hi x GL hl (K) x D* ^ x GL h2 (K) x ]jGL n (F w ), 

w 

where Dx,n-h is the division algebra over K of invariant —^j- and w runs over places of F above te other 

than w\ and w 2 - The group J (hl ' h2 \<Q> p ) acts on the directed system of Hi(lg^'^\ C^), as U p and m vary. 
Let 

H c (lg (hlM \C ( ) £ Groth(G(A°°' p ) x J^^) 

be the alternating sum of the direct limit of W c (Ig^'^ 2) , £ £ ) as in Section 5.1 of [C]. Let ir p e Irr;(G(Q p )) 

be a representation such that BC(tt p ) ~ L ^ 1 ^v ( sucn a 71 'p 1S unique up to isomorphism since p splits in 
E). Theorem 5.6 of [C] gives a formula for computing the cohomology of Igusa varieties, as elements of 
Groth(G(A e ) x G(A 6fuAM ) x (%)); 

BC p {H c {lg^ h2 \C{)[\l 1 -' s ]) - 

= e (-l)' ll+ ' l2 C G [,r 1 n 1 ' e ][ i r 1 n^ nUp} ][Red(' l -' l2 )(^)] (1) 

Here e = ±1 independently ofh l ,h 2 and Red^ lM) is a group morphism from Groth(G(Q p )) to Groth(j(' ll '' l2 )(Qp)), 
defined explicitly above Theorem 5.6 of [C]. 

We can combine the above formula with Mantovan's formula for the cohomology of Shimura varieties. 
This is the equality 

H(x,c e ) - E (-ir +h ^H hl M)(m^ {hiM \^)) (2) 

0<hi,h 2 <n-l 

of elements of Groth(G(A°°) x Wk)- Here H(X 1 C{) is the alternating sum of the direct limit of the 
cohomology of the Shimura fibers (generic fibers) and 

Mant (fclih2) : Groth(j(' ll '' l2 )(Q p )) -> Groth(G(Q p ) x W K ) 

is the functor defined in [Man]. The formula 2 is what Theorem 22 of [Man] amounts to in our situation, 
where h\ and h 2 are the parameters for the Newton stratification. The extra term (— occurs on the 
right hand side because we use the same convention for the alternating sum of cohomology as in [C] , which 
differs by a sign from the conventions used in [Man] and [Sh]. 
By combining formulas 1 and 2 we get 

BC*>(H(X,£sW 1 ' 6 }) = e C G [^n 1 >°°*} ( £ [Mant ( , li , 2) (Red(' l -' l2 )(7r J ,)] I 

\0</ti,/i 2 <n-l / 

in Groth(G(A°°'P) x G(Q P ) x W K )- We claim that 

E l M ™Hhuh 2 )(^ { n hl ' h2) (K P ) = KE* P ,o o Art£)\ WK ® l^LkA^f'^)]- (3) 

0<hi,h 2 <n-l 
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By its definition above Theorem 5.6 of [C], the morphism Red^ 1 ' h2 \iTp) breakes down as a product 

{-lfi +h ^ pfi ®Red n ~ hlM (ir Wl ) ®Red n ~ h2M (ir W2 ) ® {® w ? Wl , W2 n w ), 

where w runs over places above the place of p induced by te other than w\ and u> 2 . The morphism 

Red™"' 1 '' 1 : Groth(Gi„(if)) -> Groth(D^ n _ fc x GL h (K)) 

is also defined above Theorem 5.6 of [C]. On the other hand, the functor Mant(/ lli ^ 2 ) also decomposes as a 
product (see formula 5.6 of [Sh]), into 

Mant( /llih2 )(p) = Manti i0 (po) <S> Mant n - hlihl (p Wl ) ® Mant n _/ l2i / l2 (p W2 ) ® (®«,^t Ul ,«, 2 Mant , m (p to )), 

where u> again runs over places above the place of p induced by te other than W\ and wi . So 

£ [Mant ( , 1;/l2) (Red^Vp)] = 

0</ii,/i 2 <n-l 

= [Mant 1)0 (7r P)0 )] ® (EI i ; 1 (-l) hl [Maflt„_ /ll , /ll (Red' , - t ^ 1 K 1 ))])® 

n-1 

(-l) h2 [Mant„_, l2 , h2 (Rcd"-' l2 '' l2 (^ 2 ))]) ® {® wjiwi , W2 [ir w ]). 

h 2 =0 

Now by applying Prop. 2.2. (i) and 2.3 of [Sh] we get the desired result (note that the normalization used in 
their statements is slightly different than ours, but the relation between the two different normalizations is 
explained above the statement of Prop. 2.3). 
Applying equation 3, we first see that 

BCiHiX^m 1 ' 6 }) =eoC G [^- 1 n 1 ' 00 ][(7r p , oArtQ p 1 )| WK ® ^^(I^,, J] (4) 

in Groth(G(A°°) x Wk), which means that 

BC(H(X, C^)[U 1,6 ]) = eoltr'n 1 ' 00 ]^^ 1 )], 

for some [^'(n 1 )] e Groth(Gal( J F'/F)). We show now that 

[R\U 1 )]=C G [R(Il F ,)® 2 ®rec lM (iP)] 

in Groth(Gal(-F/.F')) using the Chebotarev density theorem. Note first that i?'(lP) is simply the sum of 
(the alternating sum of) ;(7r°°) where tt°° runs over Irrj(G(A°°) such that 

• SC(^7re fin ) ~n Sfin 

• Rl^ir 00 ) + for some k. 

The set of such it doesn't depend on & if & is chosen as described above this proposition, so the Galois 
representation R (II 1 ) is also independent of &. Therefore, for any prime w\ of F where II 1 is unramfied 
and which is above a prime w of F' which splits in F and above a prime p ^ I of Q which splits in E, we 
can choose a finite set of places 6 containing p such that we get from equation 4 

[R'iU 1 )^} = c G [(R(ii F ,)® 2 fcrec^tyOWJ- 

By the Cebotarev density theorem (which tells us the Frobenius elements of primes w\ are dense in 
Gal(F'/F)) we conclude that 

[R\n 1 )] = C G [R(IL F ,)® 2 ®iec lM (iP)} 
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in Groth(Gal(F/F')). 

It remains to see that eo = 1 and that H k (X, £^)[IT 1,e ] = unless k = 2n — 2. In fact, it suffices to show 
the latter, since then H(X, £^)[II 1 ' e ] will have to be an actual representation, so that would force eo = 1. 
The fact that H k (X, ^[II 1 ' 6 ] = for k ^ 2n - 2 can be seen as in the proof of Corollary 7.3 of [C] by 
choosing a prime p/!to work with and applying the spectral sequences in Prop. 7.2 of loc. cit. and noting 
that the terms of those spectral sequence are outside the diagonal corresponding to k = 2n — 2. □ 

Corollary 2.3. By Lemmas 1.4 and 1.7 of [TY] and by the same argument as in the proof of Theorem 7.4 
of [C], in order to show that 

is pure, it suffices to show that 

WD(BC(H 2n - 2 (X,Cm e ])\ GaK F W Fp) F - ss 

is pure, where & is chosen such that it contains I. 

Now recall that p is a place of F' above I and such that p = pip2- From now on, set K := F Pl ~ F P2 , 
where the isomorphism is via a. Let Ok be the ring of integers in K with uniformizer w and residue field 
k. For i = 1,2 let Iw„, Pi be the subgroup of matrices in GLu(Ok) which reduce modulo pi to the Borel 
subgroup B n {k). Now we set 

U lw = U l x [/ ; pl ' p2 (m) x Iw„, Pl x Iw„, P2 C G(A°°), 

for some U l C G(A°°) compact open and Uf 1,V2 congruence subgroup at I away from pi and p2- In Section 
2.2 of [C], an integral model for Xjj 1v /Ok is defined. This is a proper scheme of dimension 2n — 1 with 
smooth generic fiber. The special fiber Yj/ Iw has a stratification by closed Newton polygon strata Yi/ Iwi s ; T 
with S,T C {1, . . . , n} non-empty subsets. These strata are proper, smooth schemes over k of dimension 
2n - #5 - #T. In fact, 

Y Ulv , s ,T = (f]Y hi )n(f]Y 2J ), 
where each Yij for i = 1, 2 and j = 1, . . . , n is cut out by one local equation. We can also define 

S,TC{l,...,n} 
#S=h 
#T=l 2 

By Prop. 2.8 of [C], the completed local rings of Xjj Iw at closed geometric points s of Xu lv are isomorphic 
to 

W (K) [[X U . . . , X n , Fx, . . . Y n ]]/(X n X ir -w,Y h Y js - w), 

where {ii, . . . , i r } C {1, . . . , n}, . . . , j r } Q {1> ■•■,«} and ^(x) is the ring of integers in the completion 
of the maximal unramified extension of K. The closed subscheme Yi ;ii is cut out in 0"x Ulv . s by X it — and 
is cut out by Yj t = 0. 

The action of G(A°°' P ) extends to the inverse system Xu^/Ok- There is a universal abelian variety 
Au Iv ,/Ok and the actions of G(A°°) and extend to it. We can define a stratification of the special fiber 
of Au lv by 

Au Iv ,,s,t = Au lvr xx„ iw X UlviS ,T- 

Moreover, A™f and Au Iv , and with respect to the special fiber stratification satisfies the same geometric 
properties as Xu lvr . In particular, we shall see in the next section (or it follows from Section 3 of [C]) that it 
follows from these properties that A™* can be endowed with a vertical logarithmic structure M such that 

(A™l,M) -> (Spec O k , If) 
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is log smooth, where (Spec 0r-,N) is the canonical log structure associated to the closed point. Also, we'll 
see that its special fiber is of Cartier type. This means that we can define the log crystalline cohomology of 
(A™f ,M). Indeed, if W = W(k) is the ring of Witt vectors of k, then we let 

be the log crystalline cohomology of (A™f *o K k, M) (here we suppressed M from the notation). This also 
has an action of as an idempotent and of G(A e ). From the isomorphis 

H 2n ~ 2 {X,C{) a^H 2n - 2+m ^A m ^Qi(t ( )) 

and Corollary 2.3, we see that it is enough to show that 

d£ WD(H 2n ~ 2+m( (A m( , Ql (t{ ) | Gal(K/K) ) [n 1 ' 6 ] 

is pure. Let To : W <-» Qi be an embedding over Z; . By the semistable comparison theorem of [Nl] , we have 

so it suffices to understand the (direct limit of the) log crystalline cohomology of the special fiber of A™f ■ 
Note that in order to apply this theorem we need to check that (A™f , M) is a fine and saturated log-smooth 
proper vertical (Spec Ok, N)-scheme and such that its special fiber is of Cartier type. All these properties 
follow immediately from the explicit description of the log structure M in Section 3. 



3 Log crystalline cohomology 
3.1 Log structures 

Let Ok be the ring of integers in a finite extension K of Q p (p is some prime number, which is meant to be 
identified with I), with uniformizer w and residue field k. Let W — W(k) be the ring of Witt vectors of k, 
with W n — W n (k) referring to the Witt vectors of length n over k. Let W^k) be the ring of integers in the 
completion of the maximal unramified extension of K. 

Let X/ Ok be a locally Noetherian scheme such that the completions of the strict henselizations Ox s at 
closed geometric points s of X are isomorphic to 

■ • ■ , X n ,Yi, . . . Y n , Zi, . . . , Z m ]]/ (X il X ir - uj,Yj 1 Yj a - zu) 

for some indices ii,... ,i r ,ji, ■ ■ ■ ,js £ {l,...n} and some 1 < r, s < n. Also assume that the special fiber Y 
is a union of closed subschemes Y\j with j e {1, . . . n}, which are cut out by one local equation, such that 
if s is a closed geometric point of Yij, then j £ . . . ,i r } and Yij is cut out in O x by the equation 
Xj = 0. Similarly, assume that Y is a union of closed subschemes Y 2 . j with j e {1, . . . , n}, which are cut 
out by one local equation such that if s is a closed geometric point of Y 2 .j then j <G {ji, ■ • ■ ,j r } an d Y 2 ,j is 
cut out in O x , s by the equation Yj = 0. Then, by Lemma 2.9 of [C], X is locally etale over 

X r ,s, m = Spec Ok[Xi, . . . , X n , Yi, ... , Y n , Z\, . . . Z m ]/(Xi X r — zu, Y\ Y s — zu). 

The closed subschemes Yij for i = 1,2 and j = 1, . . . , n are Cartier divisors, which in the local model X r ^ s ^ m 
correspond to the divisors Xj = or Yj =0. 

Let Y/k be the special fiber of X. For 1 < i, j < n we define Y^'^ to be the disjoint union of the closed 
subschemes of Y 

(Y 1M n • • • n Y lth )f](Y 2>mi n • • • n Y 2 , m .), 

as {h, . . . , U} (resp. {mi, . . . , rrij}) range over subsets of {1, ... , n} of cardinality i (resp. j). Each Y^ 1 '^ is 
a proper smooth scheme over k of dimension 2n — i — j. 
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Remark 3.1.1. Even though this section is general, we are basically thinking of X as Au^ for some compact 
open subgroup U\ w C G(A°°) with Iwahori level structure at pi and p 2 - Xu Ivf (and therefore Au Ivf as well) 
satisfies the above conditions by Prop. 2.8 of [C]. The prime p is meant to be identified with I. 

Let (Spec Ok, N) be the log scheme corresponding to Spec Ok endowed with the canonical log structure 
associated to the special fiber. This is given by the map 1 6 N n> w 6 Ok- We endow X with the log 
structure M associated to the special fiber Y. Let j : Xk — > X be the open immersion and i : Y — > X be 
the closed immersion. This log structure is defined by 

M = j*(0 XK )nO x ^O x . 

We have a map of log schemes (X, M) — > (Spec Ok, N), given by sending 1 e N to m e M. Locally, we have 
a chart for this map, given by 

N->N r eN7(l,...,l,0,...,0) = (0,...,0,l,...l), 

1 i ^ (1,...,1,0,...,0) = (0,...,0,l...l). 

It is easy to see from this that (X, M)/(Spec 0r-,N) is log smooth and that the log structure M on X is 
fine, saturated and vertical. We can pull back M to a log structure on Y, which we still denote M and then 
we get a log smooth map of log schemes 

(Y,M) -> (Spec k,N). 

(Here we have the canonical log structure on k associated to 1 6 N i-> £ fc, which is the same as the pullback 
of the canonical log structure on Spec Ok-) Note that, since (X,M) is saturated over (Spec Ok,N), so its 
special fiber is of Cartier type (cf. [Ts]). 

We can also endow X with log structures Mi,M 2 and M. Let Uij be the complement of Y^j in X for 
2 = 1,2 and j = 1, . . . , n. Let 

: Uij -> X 

denote the open immersion. We define Mi,M 2 and M as follows 

Mi= f0(ji,i.(O^)nO x )J /- 



^2= 0':.y;.,::t'V : I C\: 



M - ( 0(iu*(<^U n Ox) e 0(i2, j *(0£ 2i .) n Ox) ] / ~, 

where ~ signifies that we've identified the image of O x in all the terms of the direct sums (basically we are 
taking an amalgamated sum of the log structures associated to each of the Yij). We have a map M — >• M 
given by inclusion on each O^. . . 

Lemma 3.1.2. Locally on X, we have a chart for M given by 

X -> Spec O k [X u ...,X n ,Y u ...,Y n ,Z u ... Z m ]/{X 1 X r - w, Y 1 Y r - w) -> Spec Z[N r ® N s ], 

where (0, ... 0, 1, ... 0) M> Xi if the 1 is in the ith position and 1 < i < r and (0, ... 0, 1, ... 0) i-> Yi_ r i/ 
i/ie 1 is in the ith position and r+l<i<r + s. 

Proof. We shall make use of Kato-NizioPs results on log smoothness and log regularity, namely: 
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• if / : T — >• S is a log smooth morphism of fs log schemes with S log regular then T is log regular (see 
8.2 of[K2]) and 

• if T is log regular, then Mt — j*Oy ("1 Ox, where j : U ^ T is the inclusion of the open subset of 
triviality of T (see 8.6 of [N2]). 

Let us define the following log schemes over (Spec Ok, triv): 

U := Spec O k [Xi, ...,X n , a]/{X 1 X r - a) 

V := Spec O k \Yi, ■ • • , Y n , t]/(Y 1 Y s - r) 

IT := Spec K \Zx,...,Z m \ 

Z :=U X( Spcc o K ,triv) V x (Spoc K ,triv) W 

Then Z, equipped with the product log structure L is smooth over Ok and log smooth over (Spec Ok\g, t], triv). 
Therefore, Z is regular. The log structure L is given by the simple normal crossings divisor 

D:=((j(X j =0))U((j(Y j =0)). 

3 = 1 3=1 

Since Z is regular, the log structure L is the same as the amalgamation of the log structures defined by 
the smooth divisors (X, = 0), (Yj = 0). Locally on X, we have a commutative diagram of schemes with a 
cartesian square 

X X r ^ s , m Z , (5) 



Spec Ok *■ Spec Ok[t, c] 

where the inverse image of (Xj = 0) in X is Yj , the inverse image of (Yj = 0) in X is Yj. Therefore, the log 

structure on X induced by that of Z coincides with the log structure M , defined as the amalgamated sum 
of the log structures induced by the Yj and Yj . □ 

If we endow Spec Ok with the log structure N 2 associated to (a, b) 6 N 2 i-> 7r a+fc e Ok, then we claim 
that we have a log smooth map of log schemes 

(X,M) -> (Spec O k ,N 2 ) (6) 

whose chart is given locally by 

(a, b) e N 2 ^ (a, . . . a, b, . . . b) G N r ® N s . 

By definition, M is the amalgamated sum of M\ and Mi as log structures on X (or, in other words, M 
is the log structure associated to the pre- log structure M\ © M2 — > Ox ) ■ Therefore, it suffices to prove the 
following lemma. 

Lemma 3.1.3. We can define a global map of log schemes (X,M\) — >■ (Spec 0rt,N) which locally admits 
the chart given by the diagonal embedding N — > N r . 

Proof. It suffices to show that w is a global section of Mi , since then we can simply map 1 G N to w e M\ . 
For this, note that we have a natural map of log structures on X 

Mi ->■ M, 
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since the open subset of triviality of Mi is the generic fiber of X and M is the log structure defined by 
the inclusion of the generic fiber. Moreover, we can check locally that this map is injective, since it can be 
described by the chart N r -)■ N r ® N s -> (W ffi W)/N for r, s > 1, where the first map is the identity on the 

first factor. Now, locally on X we have the equation X\ X r — w, where Xi are local equations defining 

the closed subschemes of X. By definition, the Xf are local sections of Mi, so w is a local section of M\. 
But w is also a global section of M and M\ H- M, so tu is a global section of M\. □ 

Lemma 3.1.4. We have a cartesian diagram of maps of log schemes 

(X,M) *(X,M) , 



(Spec O k ,N) ^ (Spec O k ,N 2 ) 

where the bottom horizontal arrow is the identity on the underlying schemes and maps (a,b) e N 2 to a+b e N. 

Proof. We go back to the notation used in the proof of Lemma 3.1.2. Locally on X, we have the following 
commutative diagram of log schemes 

(X, M) U x Spcc 0k [u] VxW Z 



(Spec Ok, N) ^ (Spec O k [u],N) ^ (Spec Ok [t, o-],N 2 ) 

where in the bottom row both r and a are mapped to u, which is in turn mapped to 0. The second square 
is cartesian and the horizontal maps in it are closed, but not exact, immersions. The first bottom map is 
an exact closed immersion, while the first top map is the composition of an etale morphism with an exact 
closed immersion. The lemma follows from the commutative diagram (5) and the above diagram. □ 

3.2 Variations on the logarithmic de Rham-Witt complex 

Define the pre- log structure N 2 — > W n [r,a] given by (a, b) r a a b . By abuse of notation, we write 
(Spec W n [r, er],N 2 ) for the log scheme endowed with the associated log structure. We have the compos- 
ite map of log schemes 

(Y,M) -> (Spec k,N 2 ) (Spec W n [r, a], N 2 ), 

where N 2 — > N 2 is the obvious isomorphism. We shall call (Z, N) a lifting for this morphism if (Z, N) is a fine 
log scheme such that the composite map (Y, M) — > (Spec W„[t, a], N 2 ) factors through / : (Y, M) — > (Z, N), 
which is a closed immersion and a map (Z,N) (Spec W n [r, a] , N 2 ) , which is log smooth. Such liftings 
always exists locally on Y and give rise to embedding systems as defined in paragraph 2.18 of [HK]. If 
(U,Mu) ->■ (Y, M) is a covering and (Z, N) is a lifting for (U, M v ) ->■ (Spec W n [r, cr] ) , N 2 ) , then we may define 
an embedding system ((J7 l ,M^), (Z\N 1 )) for (Y, M) ->■ (Spec W n [r, a] , N 2 ) by taking the fiber product of 
i + 1 copies of U over Y and of i + 1 copies of (Z,N) over (Spec W n [r, a] , N 2 ) . Since (Y, M) is an fs log 
scheme, we may assume the same for the local lifting (Z,N). 

Let C(y t M)/(w n triv) ^ e t ne crystalline complex associated to the embedding system obtained from local 
loftings (Z',N') and define 

Cy ■= C(Y,M)/(W n ,triv) ®W n <r,a> W n . 

Let Spec W n [u] be endowed with the log structure associated to 1 6 N i— >• u 6 W n [u] . Consider the map 
of log schemes G : (Spec W n [u],N) ->■ (Spec W„[t.ct],N 2 ) given by t, a i-> u and (a, &) e N 2 a + 6 G N. 
The pullback of (Y,M) along G is just (Y,M). Let (Z',N') be the pullback of (Z,N) along G, equipped 
with a map /' : (Y',M') -> (Z',N'), which is the pullback of /. Then (Z',iV') is a (local) lifting for 
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(Y, M) —> (Spec W n [it], N), and gives rise to an embedding system for this morphism. Indeed, what we need 
to check is that (Z',N') — > (Spec W„[u],N) is log smooth and that /' is a closed immersion of log schemes. 
For the first we note that log smoothness is preserved under base change in the category of log schemes and 
that 

(Z',N') = (((Z,N) x G (Spec W n [u], N)) int ) sat -> (Z,N) x G (Spec W n [u],N) 

is log smooth. We also note that g : Y — > (Z Xgp ec w j r ^ Spec W n [u]) is a closed immersion, since Y — > Z 
is a closed immersion. The morphism of schemes Z' — > (Z xgp ec w j r ^ Spec W n [u]) is a composition of a 

finite morphism with a closed immersion, so Y — > Z' is a closed immersion as well. Also, g*(N © N 2 N) — > M 
is surjective and factors through {f')*(N') — > M, so (f')*(N') — > M is surjective as well. 

We now follow the constructions in section 3.6 of [HK] using the embedding system obtained from the 
liftings (Z',N'). Let C( Y ,M)/(w n ,triv) be the crystalline complex associated to the composite (Z',N') — > 
(W n ,triv). Define 

CV := C(Y,M)/(W n ,tnv) ®W n <u> W n . 

On the other hand, let Z" = Z' xgp ec w ^ Spec W n < u > be endowed with TV" the inverse image of the 
log structure N' . Let C be the log structure on Spec W n < u > obtained by taking the inverse image of (the 
log structure associated to) N on Spec W„[w]. Then (Z",N") gives rise to an embedding system for 

(y,M) -»• (Spec W n < u >,£), 

with crystalline complex C(^ M )/(Spec w <u> C )- Define 

C Y ■■= C(y jM )/(Spec W n <u>,C) ®Wn<u> W n . 

Note that Cy is the crystalline complex C(Y,M)/(w n Jf) w hh respect to the embedding system obtained from 
(Z' Xgp ec w SpecW„, N'"). As in Section 3.6 of [HK], we have an exact sequence of complexes 

0->Cy[-l] -^C Y -^C y ->0, (7) 

where the second arrow is and the third arrow is the canonical projection. The monodromy operator 
on the crystalline cohomology of (Y, M) is induced by the connecting homomorphism of this exact sequence. 

Lemma 3.2.1. Let C z be either one of the complexes C Y , C Y or C Y obtained with respect to a lifting (Z, N) 
of some cover U — > Y. In the derived category, C z is independent of the choice of lifting (Z, N). 

Proof. We may work etale locally on Y, in which case we have to show that for any two liftings (Z\, N\) and 
(ZiiN-i) we have a canonical quasi-isomorphism between the corresponding complexes and moreover, that 
these quasi-isomorphisms satisfy the obvious cocycle condition for three different liftings. 

First, we show that the complexes corresponding to {Z\,N\) and (^2,-^2) are quasi-isomorphic. We 
may assume that U : (Y, M) — > (Z i} Ni) is an exact closed immersion for i = 1,2. Let i 12 ■ (Y, M) — > 
[Z\ X\y n Z 2 ,Nix2) be the diagonal immersion of (Y, M) into the fiber product of (Zi,Ni) and (Z2 7 N 2 ) 
as fs log schemes over (W n ,triv). Let (^12,-^12) be a log scheme such that etale locally on Y we have a 
factorization of « 12 

(Y M) A (Z 12 ,N 12 ) A (Z 1 x Z 2 ,A> lx2 ), 

with g log etale and / an exact closed immersion. This factorization is possible by Lemma 4.10 of [Kl]. Let 
Di be the PD-envelope of Y in Zi (again, for i = 1, 2 or 12). (Since we have exact closed immersions, the 
logarithmic PD-envelope coincides with the usual PD-envelope in these cases.) It suffices to show that the 
canonical map 

W (Z 1 ,JV 1 )/W B ,trit, ~* U (Z 12 M 12 )/W n ^v ®0 Zl2 Dl2 (8) 

is a quasi-isomorphism. This follows from paragraph 2.21 of [HK]. For completeness, we sketch the proof 
here. Let pi : [Zi 2 ,N 12 ) — > (Z\,Ni) be the log smooth map induced by projection onto the first factor. For 
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any geometric point y of Y, the stalks at y of N\2 and p\N\ coincide, so by replacing {Z\ 2 , N12) with an etale 
neighborhood of y — > Zi 2 , we may assume that N12 = p*Ni. Then the map pi : Z i2 — > Zi is smooth in the 
usual sense. Since the problem is etale local on Y, we may assume that Z12 ~ Z\ ®w n W n {ti, ...,t r ] for some 
positive integer r and such that Y is contained in the closed subscheme of Z12 defined by t\ = ■ ■ ■ = t r = 0. 
As in Proposition 6.5 of [Kl], we also have Od 12 — Cr>i <h,. . . ,t r >, the PD-polynomial ring over Od x in 
r variables. The quasi-isomorphism (8) is reduced then to the standard quasi-isomorphism 

W n -)■ £lw n [t u ...,t r ] ®w n [t u ...,t r ] W n <h,...,t r > . 
The quasi-isomorphism 8 commutes with ®w n <T,a> W n so it induces a quasi-isomorphism 

c z t -> c z 12 ■ 

Now consider the morphism Z' l2 — »■ Z[ obtained by pulling back Z\ 2 — > ^i along G. We claim that the 
canonical morphisms C Zi2 — > C z± and C z±2 — > C Zi are quasi-isomorphisms as well. This is proved in the 

same way as in the case of C (for C Zi2 -4- C Zi it amounts to proving that the logarithmic de Rham-Witt 
complex is independent of the choice of embedding system). The quasi-isomorphisms are also compatible 

with the canonical maps C' z — > C' z — > C' z . 

Note that the above result also implies that in the derived category, C' commutes with etale base change. 
Indeed, if Y 2 /Y 1 is etale and (Z u is a lifting for (Y u M) (Spec W n [r, cr], N 2 ) then by [EGA IV] 18.1.1 
we can find, locally on Y 2 , an etale morphism Z 2 — > Z\ such that the following diagram is cartesian 

Y 2 ^ Z 2 ■ 



Y 1 ^Z x 

We take N 2 on Z 2 to be the inverse image of N x . Then (Z 2 ,N 2 ) is a lifting for (Y 2 ,M) ->■ (Spec W n [r, a], N 2 ) 
and, since log differentials commute with etale base change (Prop. 3.12 of [Kl]), C'^ z ^ on Y 2 is just the 
pullback of C', z ^ on Y\. 

We are left with veryfing the cocycle condition. The canonical quasi-isomorphism 712 : C' z —> C z<2 factors 
through C ZixZ2l since by construction Z12 is log etale over Z\ x Z2 and so we have a quasi-isomorphism 
C ZixZ2 —> C' z . Let (Z 3 ,N 3 ) be another lifting. Then we have the following commutative diagram of 
complexes: 



Zi x z 2 x z 3 



C 




where all the maps are quasi-isomorphisms. This proves the cocycle condition. □ 
Corollary 3.2.2. The following sheaves on Y are well-defined and commute with etale base change: 

W n ti\ := H q (dy) , W„<4 := H q (Cy) and W n co Y := U q (C Y ) , 

The sheaves W n uj Y make up the q-th terms of the log de Rham-Witt complex associated to (Y,M). We have 
canonical morphisms of sheaves on Y : 

W n CUy -> W n Uy -)• W n LO Y . 
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In order to understand the monodromy N, we will study the short exact sequence of complexes 

-> W n c*v[-1] -> W n uj' Y -> W n uj' Y -> 0, 

which we obtain below from the short exact sequence (7). In Section 4 we will construct a resolution of 
this short exact sequence in terms of some subquotients of W n Co Y . For now, since these complexes are 
independent of the choice of lifting, we will fix a specific kind of lifting of (Y, M) over (W[t, er], N 2 ), which 
we call admissible liftings, following the terminology used in [H] and [Mo]. Since Y is locally etale over 

Yr,s,m = Spec k[Xi, . . . , X n , Y\, . . . , Y n , Z\,... Z m ]/(Xi X r , Y\ Y s ), 

we consider the lifting 

Z r ,s,m = Spec W[X U ...,X n ,Y 1 ,...,Y n ,Z 1 ,...Z m , T , a}/{X 1 X r - t,Y x Y s -o). 

of (Y riS , m ,W (BW)/(W[T.a],N 2 ). The log structure on Z r , s , m is also induced from N r ®W (with the obvious 
structure map sending N r to products of the Xi and N s to products of the Yj). We let Z/Z rtStTn to be etale 
and such that the diagram 

(Y,M) *{Z,N) 



{Y r , s ,m, N r © N s ) (Z r , Sim , W (B W) 

is Cartesian, with the log structures on top obtained by pullback from the ones on the bottom. Then locally 
on Y, the complexes W n u) Y , W n u) Y and W n uj' Y are just pullbacks of the corresponding complexes on l^, s>m 
with respect to the lifting (Z r , SyTn ,W ©N s ). Note that admissible liftings exist locally on Y. 

Now we will explain the relationships between C Y , C Y and C Y . First, note that we have the functoriality 

map G*^^ z ,N)i{w n ,triv) ~* W (Z' ,N<)/(w n ,triv), which induces a canonical map 

^(Y,M)/(W n ,triv) ®W n <T,a> W n < U >-> C ( y > M)/{W n ,triv)^ 

which in turn induces a canonical map C Y — > C Y . By composition, we also get a map C Y — > C Y . We claim 
that we can identify C Y with C Y / - ^) A C Y and C Y with & Y / A C Y + % A dyj . We explain this 
in the case of C Y . 

Lemma 3.2.3. We have an isomorphism 

d Y /^- d -^jAd Y ^C Y . 

Proof. Let (Z, N) be an admissible lifting of (Y,M) over (Spec W„[t,ct],N 2 ). Let (D,M D ) be the divided 
power envelope of (Y,M) in (Z,N). Note that the kernel of the map Od — > Oy is generated by r'™' and 
it'™]. The divided power envelope (D',M' D ) of (Y, M) in (Z',N r ) satisfies the following property: 

o D . ~ o D 

where the map W n < T,a >— > W n < u > is r^ n \a^ n> «["L The complexes C Y and C Y are defined as 
follows: 

C Y := {^ {z ^)/(W n ,triv) ®°z ®W n <r,a> W n < U > ® Wn <u>W n = 

= ( U (Z,N)/(W n ,Mv) ®W n [r.a\ W n [u\) ®Q Z , O D . ®W n <u> W n 

and 

C Y = (U' Z ',N'/W n ,triv) ®O z , D > ®W n <u> W n . 
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Note that since we've chosen an admissible lifting (Z',N') has Z Xvi/ n [ TlCT ] W„[u] as its underlying scheme 
because N ©n2 N is already fine and saturated. It is enough to show that the sequence 



(Z,N)/(W n ,triv) 



^ ^ dr da- ^ 

®W n [T,a]W n [u] T -^° U 



(Z,N)/(W n ,triv) 



fw„[r,<T] W n [u] -)■ U(z',N>)/(W n ,triv) ~* 



(9) 



is exact, where the second map is induced by functoriality. We denote by G* the pullback along Spec W n [u] — > 
Spec W n [r, <t] or along Z' — > Z. By proposition 3.12 of [Kl], we have the following diagram of exact sequences 
of sheaves on Z' 







G * W (SpeC W n [T,v],W)/{W n ,triv) ®^"M °z' 



'^fSpeC W n [u],N)/(W n ,triv) ®W n [u] G Z > 



(Z,N)/(W n ,triv) 



-3- UJ 



(Z',N')/(W n ,triv) 



(Z,JV)/(SpeC W„[t,<t],N 2 ) 



(z',JV')/(Spec w n [v 



^0 



The rightmost vertical arrow is an isomorphism, since (Z',N') was obtained by pullback from (Z,N). In 
order to show that the middle vertical arrow is a surjection, it is enough to check that ^ is in its image, but 
both ^£ and — map to ^ . We also see similarly that the kernel of the middle vertical arrow is generated 
by ^ - ^f. The exactness of (9) follows. □ 



Corollary 3.2.4. We have an isomorphism 



Cy/ ( — A Cy + — A Cy 



Cy. 



□ 



Proof. This follows from the exact sequence (7) and the Lemma 3.2.3. 

Lemma 3.2.5. The sections and ^ G W n uj\ are global sections, independent of the choice of admissible 
lifting. The same holds for — 



G W n LOy. 



Proof. We will explain the proof only for — since the same proof also works for — and — . We use basically 
the same argument as for Lemma 3.4 of [Mo], part 3. We consider two admissible liftings of (Y, M), (Z\, N\) 
and (Z2, N2) and we let (Z12, N12) be defined as in Lemma 3.2.1. It is enough to show that locally on Y 



and 



dr x 

~ G t0 (Z 1 ,N 1 )/(W„,triv) 



d^_ 1 

T l eLU {Z 2 ,N 2 )/(W n ,triv) 



®o Z2 Od 2 



have the same image in H 1 (cj 

— G Ni nnA dT ' 
commutative diagrams 



(Z 12 .N 12 )/(W n .triv) ®°Zi2 °D 12 )- 

Note that ^ G N\ and ^7 e iV 2 have the same image in M. This is because locally on Y we have 



(Y,M) 



(Zi,Ni) 



( fc ,N 2 ) *(W n [T,o-],N 2 ) 

for i = 1,2, so both and 4zL map to the image of (1,0) G N 2 in M. By the construction of (Z 12 ,Ni2), 
(see the proof of Prop. 4.10 of [Kl]) we know that - ^ = m G Aq 2 . Moreover, if a i2 : N i2 ->■ Zl2 is 
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the map defining the log structure of Z 12 then m maps to G M, sod = 012(^1) G Oz 12 ma P s to 1 G Oy ■ 
Therefore, 

dr dr' dv 

T ' 
t r v 

for some v G Od 12 f° r which W n < v — 1 >G Od 12 - But then we see that — G d(W n < v — 1 >) using the 
fact that the power series expansion of log(v) around 1 belongs to W n < v — 1 >. Therefore, ^ — ^p- is 
exact and the lemma follows. □ 

As in the classical case ([IR, HK]), we can define operators F : W n+ iui q — > W n u) q , V : W n ui q — > W n+ iui q 
and the differential d : W n uj q — > W n u) q+1 , which satisfy 

d 2 = 0, FV = VF = p, dF = pFd, Vd = pdV and FdV = V. 

Indeed, fix local liftings (Z n ,N n ) of (Y,M) — > (Spec W n [r, <r],N 2 ) and denote the crystalline complex C z 

by C n . We can see that C n is flat over W n in the same way as in Lemma 2.22 of [HK] (using an admissible 
lifting) and we have 

C n ® z/pnI Z/p m Z^C m 

for m < n. We let F : W n+ \Cb' — > W n u>' be the map induced by C n+1 — > C n , V : W n £j' — > W n+ iw be the 

map induced by p : C n — > C n+1 . We define d to be the connecting homomorphism in the exact sequence of 
cohomology sheaves associated to the exact sequence of crystalline complexes 

-> 6 n 4 6 2n -> 6 n -+ 0. 

The same operators can be defined for W.Co Y and W.u> Y . 

Lemma 3.2.6. Let n = 1. Locally, fix an admissible lifting (Z, N) as above. Let Fr be the relative Frobenius 
ofY/k. We have Cartier isomorphisms 

C- 1 :co Y 4««(Fr,Wy), 

: U lz',N')/(k,triv) ®*[»] k ^ n9 ( F r *^{Z',N')/k,triv ®k[u] &)) 

and 

^ '■ W (Z,*)/(Mr») ®MM fc 4 n9 ( Fr *("(Z,N)/k,triv *))" 

Proof. Note that (Y, M)/(Spec fc,N) is log smooth of Cartier type. The Cartier isomorphism for W\oj y 
is then defined in section 2.12 of [HK]. Similarly, (Z 1 , 7V')/(Spec k,triv) and (Z, 7V)/(Spec k 7 triv) are log 

smooth and of Cartier type. Thus, the morphisms and for C y and Cy are induced from the Cartier 
isomorphisms for these schemes. 

Since we are working locally on Y, we may assume that Y = Y\ x^ Y" 2 and that the lifting Z = Z\ x Z 2 , 
where Z\,Z<i are smooth over k and Fj is a reduced normal crossings divisor in Zi. Let Xj be the ideal defining 

Yi XkZ 3 -i in Z for z = 1, 2. To check that C~ x is an isomorphism, we use the following commutative diagram 
of exact sequences: 



^(W 0Xi0w (W 0X2 



■ w 



(Z,N)/k 



■ nq ( Fr ^ ( Z,N )/k ) 



Cy 



■H q (F,Cy) »-0. 
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The complex u)' z triv is the same as Sl Zi ^ fe (log Yi) <S>k ^z 2 /feO°S^2)' so it does satisfy a Cartier isomor- 
phism, by 4.2.1.1 of [DI]. Similarly, the complexes on its left are (sums of) products of complexes of the form 
Q,' z , k (±\ogYi) for i = l,2, which also satisfy a Cartier isomorphism, by 4.2.1.3 of [DI]. Therefore, the first 
three vertical arrows are isomorphisms. Once we know the exactness of the top and bottom sequence we can 
also deduce that the rightmost vertical arrow is an isomorphism. The exactness of the top row follows from 
the definition of C y . 

The exactness of the bottom row follows from the cohomology long exact sequence associated to short 
exact sequences from the top row combined with the Cartier isomorphisms for the first three arrows which 
tell us that the coboundary morphisms of these short exact sequences are all 0. Indeed, if we let co^ z ^ be 
the complex obtained by completing the inclusion of complexes 

W (Z,iV)/fc ® Z 1 Z 2 -> ^ {Z ,N)/k ® Z l © W (Z,JV)/fc ® T 2 

to a distinguished triangle, then we get a long exact sequence 

•••->• n9 Hz,N) /k ® X ^ Uq Hz,N)/k ® ^ © n9 Hz,N)/k ® X 2) "> W^^,) • • ■ • 

From the Cartier isomorphism for and, we deduce that 

n9 Hz,N )/k ® x ^) ^ ^ (Z;J v )/fe ®Xi) ewt^/t ®zb), 

so the coboundaries of the long exact sequence are all 0. By continuing this argument, we deduce the 

exactness of the entire bottom row and this proves that C^ 1 is an isomorphism. 

Now we prove that C^ 1 is an isomorphism. We will show that C^ 1 is an insomorphism in degree q as 
well. From the short exact sequence (7), we get the following commutative diagram with exact rows: 

> > Cy > Cy + . 



^ W-^Fr^Cy) >- H q {Fr*C Y ) ^ H q (Fr*C Y ) 

To see that the bottom row is exact, we have to check that in the long exact cohomology sequence associated 
to the top row the coboundaries are all 0, which is equivalent to showing surjectivity of r H q {Fr^C Y ) — > 
H q (Fr*C Y ). However, by the top row and the Cartier isomorphism C _1 , the composite 

C Y -^C Y -^H q (Fr*C Y ) 

is surjective, so the desired map is surjective as well. Now we have a map of short exact sequences, where 
the left and right vertical maps are isomorphisms, so the middle one must be as well. □ 

Using the Cartier isomorphisms, we can define canonical projections ir : Wn+iuiy — > W n ui Y . The con- 
struction works in the same way for W n ui Y . The definition of ir for W n uJ Y can be found in section 1 of [H] in 
the semistable case and in section 4 of [HK] in general. The constructions in [H] and in [HK] are the same, 
although they are formulated slighlty differently. Our construction follows that in section 1 of [H], by first 
defining a map p : W n co Y — > W n+ iUJ Y and then showing that p is injective and its image coincides with the 
image of multiplication by p on W n+ i£j Y . The projection tt will then be the unique map which makes the 
following diagram commute: 

W n 0Jy < ~ W n+1 U)y . 




W n+1 Uy 
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The map p : W u Cj y ->• W n+1 ui Y is induced from p- t+1 Fr* : & Y -> where Fr : (Z,N) -> (Z,iV) is a 
lifting of the Frobenius endomorphism of (Z,N) x w k such that Fr*(W[r 7 a}) C W[t, a}. The injectivity of 
p and the fact that its image coincides with that of mulriplication by p are deduced as in Section 2 of [H] (or 

as in Lemma 6.8 of [Na]) from the Cartier isomorphism and from the fact that C Y is W— torsion- free (when 

we take C Y to be the crystalline complex associated to an embedding system for (Y,M) over W). 

Now we will consider a different interpretation of the monodromy operator N. Taking the cohomology 
sheaves of the short exact sequence 

-> C Y [-l] -> C Y -> C Y -> 
we get a long exact sequence of sheaves on Y 

► WnW?- -1 W n U> Y -> W n «4 ->• . . . 

whose coboundaries are actually all 0. This can be checked as in Lemma 1.4.3 of [H], since it suffices to see 
that the induced map on cocycles iT 9 (CV) — > Z 9 (Cy) modulo p" is surjective and we can use the Cartier 
isomorphisms in Lemma 3.2.6 to give an explicit formula for cocycles modulo p n . So we have a short exact 
sequence of sheaves on Y 

-> Wnu^r 1 -> W„o£ -> W n o# -> 0, (10) 

which is compatible with operators w, F, V and d. We have a morphism of distinguished triangles in the 
derived category D(Y et , W) of sheaves of VF-modules on Y: 

C Y [-1] C Y ^ C Y ^ C Y 



W n w Y [-l] W n Co Y W n Lo Y W n ui Y 

The left and right vertical maps are defined in the proof of Theorem 4.19 of [HK] and the middle one 
can be defined in exactly the same way. Note that the definition of the maps in Theorem 4.19 has a 
gap which is corrected in Lemma 7.18 of [Na], namely checking that they commute with the transition 
morphisms 7r : W n +iUJ Y — > W n cu Y . The fact that the middle map commutes with the transition morphisms 
7T : W n+ iti Y — > W n Cb Y can be checked in the same way as in Lemma 7.18 of [Na], using the corresponding 
Cartier isomorphism to check that the complexes W n ui Y give rise to formal de Rham-Witt complexes as in 
definition 6.1 of loc. cit. and thus applying Corollary 6.28 (8). We also need to check that that lim<_ W n u) Y 
is torsion-free, but we can use the fact that this is known for lim<_ W n u Y and the exact sequence (10). The 
first and third vertical maps are quasi-isomorphisms by theorem 4.19 of [HK], so we get an isomorphism of 
distinguished triangles. Thus, the exact sequence (10) induces the monodromy operator N on cohomology. 

Assume that Y has an admissible lifting Z_ over (W[t, s],N 2 ) and set Z = Z_®\y k. We consider a few 
more variations on the de Rham Witt complex, which we will only define locally on Z. Let W n Cl' z be the de 
Rham Witt complex of Z. Let 

Y 1 =Spec k[X 1 ,...,X n ,Y 1 ,...,Y n ,Z 1 ,...,Z m ]/X 1 X r 

and 

Y 2 = Spec k[X u . . . , X n , Y 1 ,...,Y n ,Z 1 ,..., Z m ]/Y l Y s . 

Each Y % is a normal crossings divisor in Z r;SiTO Xw k. Let V l n be the structure sheaf of the divided power 
envelope of Y i in Z r ^ m and TD\ = ker(X>£ U O yi ). For i = 1,2 let W n fl z (- \ogY l ) be the (pullback to 
Z) of the "compact support" version of de Rham Witt complex of Z r , S:in with respect to Y % . This complex 
was introduced by Hyodo in section 1 of [H] and it is defined by 

w-nfi'^j-iogr*) = W(n z/Wn (\o g Y l ) ® Qzrsm TD\) 
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Let W n Q, z {— logY" 1 — logy 2 ) be the pullback from Z r , s to Z of the complex defined by 

w n n% rs J-logY 1 - logF 2 ) := W{u Zra ^ wm s /Wn ®o z iv l iv 2 ). 

This third complex is meant to approximate a product of complexes of the form W n ttz(— logy). When 

n = 1, consider Z 1 = Spec k[X u . . .,X„,t]/(Xi X r - t), Z 2 = Spec k[Y u . . .,Y n ,u]/{Y 1 Y s - u) 

and Z 3 = Spec k[Z u . . . , Z m \. Then 

w^ Zr s m {- log y 1 - log Y 2 ) ~ n zl/k (- logr 1 ) ® fc n z2/fe (- log r 2 ) ® fc n z3/k . (11) 

All these also are endowed with operators F, V, differential d and projection ir, and they also satisfy a Cartier 
isomorphism. 

Lemma 3.2.7. Let W n £l' be either of the complexes W n tt z , W n Q z (— log Y 1 ) fori — 1,2 orW n £l' z {— logF 1 — 
logF 2 ). Let 

WVL' = ]imW n n\ 

Then Wtt ®^ M„ = W n fl\ 

Proof. For n — 1, and W n ft z and W n ft z (— log Y l ) we have Cartier isomorphisms 

Win* 4 ^(F.Wifi-), 

by result 4.2.1.3 in [DI]. For W n il z (— logF 1 — logF 2 ) the Cartier isomorphism follows from the product 
formula (11) and from the Cartier isomorphisms above. Let Z n = Z_xwW n - By abuse of notation, we write 
fl Zn for the complex of sheaves of VL^-modules such that 

W n {V = H i (Sl' Zn ). 

In fact, we have complexes Sl' z , £l z (— \ogY l ) or £l z (— logY" 1 — log Y" 2 )) which give the corresponding com- 
plexes Sl' Zn , Q Zn (— logY 1 ) or fl z ^(— log F 1 — log Y~ 2 )) when reduced modulo p n . We also denote any of the 
initial complexes over W as fl' z . Then there is an explicit description of cocycles modulo p n , which is given 

by 

n n—1 

where / : il z — > fl z is defined by / = Fr/p l . This is the same as formula A from editorial comment 11 
in [H] and is proven in the same way as in that paper and in the same way as in the classical crystalline 
cohomology case (see 0.2.3.13 of [I]). 

As in the case of W„wy, W.Q,' (and WVt') are endowed with a differential d, operators F, V satisfying the 
usual relations and a canonical projection ir n : W n+ iQ' — > W„0' such that pon n coincides with multiplication 
by p on W n+ iCl\ 

We claim that the lemma follows from the Cartier isomorphism, from the description of cocycles modulo 
p n in fl z and from the formal properties of W n Sl' . The proof is the same as for Lemma 1.3.3 of [Mo]. We 
outline the argument in order to show that it applies to our case as well. To prove the desired result, we use 
the flat resolution of R„ as an R-module given by 

-> R lei dV -t? n R k„ o 

and it suffices by Corollary 1.3.3 of [IR] to prove that the sequence 

o -> wn 1 - 1 iFn iz^ d) wn 1 - 1 © wn l dv ^ n wn l -> w n n* -> o 

is exact. The last map is the canonical projection n : WQ, % — > W n $l l . 
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Exactness at the first term follows from the fact that multiplication by p (and hence also F) is injective 
on Wfl'. Indeed, multiplication by p on W n £l' factors as p o7r„ and p is injective by definition, so if p(x n ) = 
for all n then 7r„(x„) = x n -\ = for all n, so x — (x n ) = 0. 

Exactness at the last term is the statement that 7r is surjective, which follows by construction, since 
p = p o 7r, p is injective and the image of p : W n Q' — > W n+ iQ' coincides with the image of multiplication by 
P- 

Now we check that ker ir = dV n WQ' + V n Wtt' . Recall that ir n : W n +i — >• W n is the canonical projection. 
It is enough to show that ker7r„ = dV n W 1 ^ + Plfifi'. First, if x = V n a + dV n b G W n+1 Q, it suffices to 
check that px = and indeed px = FV n+1 a + dFV n+1 b = 0. Now, let [x] n+ i G ker 7r„, where x is an element 
of fl z modulo p n+1 . Then [px] n +i = p[x] n +i = 0, so it must be the case that px = p n+1 a + db. We get db = 
mod p, so by the description of cocycles mod p we have b — pb 1 + Fb" + db" , so that db = pdb' + pFdb" . 
Thus, 

[x] n+1 = [p n a] n+1 + [db'] n+1 + [Fdb"] n+1 = 
= V n [a] n+1 + d[p n Fb"] n+1 - V n [a] + dV n [Fb"\. 
Now we check exactness at the second term. First, note that the sequence 

is exact, which is proved in the same way as Lemma 1.3.4 of [Mo], by taking the long exact sequence of 
cohomology sheaves of the short exact sequence 

o ->• nyp n nz ^ %/p 2 ™% -> nyp n n-z o. 

We note that the proof of the analogous statement in the classical case in [I] I (3.21) is wrong and corrected 
in [IR] II (1.3). Nakkajima proves this statement for formal de Rham-Witt complexes in [Na] 6.28 (6), using 
the same argument as Lemma 1.3.4 of [Mo]. 
We now claim that the projection 

wn /p n wn- -> w n n- 

is a quasi-isomorphism. This implies that 

d- l {p n wn q ) =F n wn q ~ 1 . 

so if dV n x + V n y = 0, then dx + p n y = 0, which in turn implies x — F n z and y = —F n dz for some 
z G VFfi 9-1 . This checks exactness at the second term. Moreover, the fact that 

wn / P n wn- -> w n n 

is a quasi-isomorphism follows in the same way as corollary 3.17 of [I], boiling down to the Cartier isomor- 
phism and to the description of ker n as dV n + V n . □ 

Remark 3.2.8. We note that one can use the Cartier isomorphisms to check properties 6.0.1 through 6.0.5 of 
[Na] for fl z , Q' z (— \ogY l ) and £l' z {— logF 1 — logF 2 ), thus proving the analogue of Proposition 6.27 of loc. 
cit. for all three complexes. Then Theorem 6.24 of [Na] also implies Lemma 3.2.7. 

3.3 The weight filtration 

The goal of this section is to define a double filtration Pk.i on Woj y , which will be an analogue of the weight 
filtration defined by Mokrane on W n ui Y m the semistable case (see section 3 of [Mo]). 

Let (Z,N) be an admissible lifting of (Y, M) over (W[t, a], N 2 ). We know that such liftings exist etale 
locally. Let Z n = Z Xw W n . Let N\ be the log structure on Z (or Z n ) obtained by pulling back the log 
structure on Z TrS ^ m associated to 

N r -»■ W[X 1: ...,X n ,Y u .. .,Y n ,Z u . . . Z m ] 
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(0,...,0,1,0,...,0) ^Xi 

when 1 is in the ith position. Define N2 analogously. The pullback of Ni to Y is the same as Mj. For 
i = 1, 2, we have maps of sheaves of monoids Ni — > N. 
We define the following filtration on uo 



(Z n ,N)/(W n ,triv)' 

Pi '^lz n ,N)/(W n ,triv) := lm ^ UJ \z n .N 1 )/(W n ,tr l v) ® W [z„,JV 2 )/(W/„,tr™) ^L/^ ^^/(Wn.tr™)) 



for i,j > and i + j < q. This filtration respects the differential and induces a filtration Pi.jC Y on 
(which can be thought of as a quotient of w' m)/(w triv)' as * n P r0 °f °f Lemma 3.2.6). Note that if 
we let 

PkUJ lz n ,N)/(W n ,triv) = llD - ( - UJ (Z n .N)/(W n ,triv) ® Q Z n /k ~* W (2 n ,jV) / (W n ,triv)^ 

then P k is the weight filtration defined in 1.1.1 of [Mo] and Pi,j^ (Zn ^ )/(Wn tnv) C P+j^ (Zn ^ )/[Wn , triv) ■ 

For i = 1, ...,r, let D^j be the pullback to Z of the divisor of Z riSjm obtained by setting Xi = 0. 
Similarly, for i = 1, . . . , s, let Z?2,i be the pullback to Z of the divisor of Z r ^ s , m obtained by setting Yj = 0. 
For i,j > let £>( J ^) be the disjoint union of 

fi,*, x z • • • x z Di )fei x z x z • • • x z D 2 ^, 

over all fei, . . . , fcj G {1, . . . , r} and e {1, . . . , s}. And let Tjj : D^'- 7 ') — > Z be the obvious morphism, 

with T>n ,Ti t j the pullbacks to Z n . Let 

p r j.9 ._ p ,.9 /fp j.9 -4- P h) q ) 

lJ (2„,JV)/(W„,trro) ' l ' J (Z n ,N) / (W n driv)' y (Z n ,iV)/(W„,tr*v) {Z n ,N)/{W n ,triv) h 

For i, j > 1 we will define a morphism of sheaves 

Res : Gn,i^ (Zn ^ /{Wn tr . v) fa^.n^;,^, 

which extends to a morphism of complexes. If u> = a A ^ fcl A • • • A A A • • • A is a local section 
of 

^'i^lz N)/(w triv) fci < ■ • • < fcj and Zi < • • • < lj, then 

Res(cj) := a\ DlM x z -x z D 1 , k . x z D 2 , h x z -x z d 2i1 . ■ 

This factors through Pi-ij + Pij-i and extends to a global map of sheaves. 

Alternatively, we can follow the construction in section 3 of chapter II of [D]. Let T> k be the disjoint union 
of intersections of k divisors Dj^ with j = 1,2 and k{ € {1, . . . , n). These intersections are in one-to-one 
correspondence with images of injections 

/:{l,...,fc}->{l,...,n}U{l,...,n} 

and so we denote one of these k intersections by £>^ (even though it only really depends on Im/). We have 
= Ui+i=fc = Ulmf Let Tf : — > Z n be the closed immersion. In 3.5.2 of [D], a morphism 

i,j>0 

(and then a morphism p 2 , which dependes on an ordering of {1, . . . , n} U {1, . . . , n}) is associated to each 
such injection and the sum of pi over all injections / determines an isomorphism 



fe-i 



by Proposition 3.6 of Chapter II of [D]. 
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We are only interested in injections qij : {1, . . . , i + j} — > {1, . . . , n} U {1, . . . , n} with image of cardinality 
i in the first {1, . . . , n} term and cardinality j in the second {1, . . . , n} term. We let Res -1 be the sum of 
the morphisms p 2 over all injections Qij. When we have an injection of type qij, the image of the morphism 
P2 defined by Deligne falls in 

Pi 'i U (Z n ,N)/(W n ,triv)^ Pi - 1 ^ +- R M- 1 ) C Rl +3 U lz n ,N)/(W n drtv)l Pl +3- 1 - 

For k > 1, we have the direct sum decompositions 

PkU ~ '(Z n ,N) I \W n ,triv)l ' Pk - 1 = (B GVi >i W {Z n ,N)/{W n ,triv) aild 

i+j=k 
i,j>0 

i+j=k 
i,j>0 

It is easy to check that the isomorphism p matches up the terms in each decomposition. Putting this 
discussion together, we get the following. 

Lemma 3.3.1. Fori,j > 1, the map 

Res' 1 : (r,,)^ 9 ;;;/ ->Gri,-w* - w ,„, _ 

'■" T>X ' J> /W n J (Z n ,N)/(W„,triv) 

is an isomorphism. 

We also have the following analogue of Lemma 1.2 of [Mo]. 
Lemma 3.3.2. We have an exact sequence of complexes 

'(Z n ,N) I \W n ,triv) Pi - 1 ^ UJ (Z n ,N)/(W n ,triv) ® Pi 'i~ lbJ {Z n ,N)/(W n ,triv) ~* 

~* Pi 'i W (Z n ,N)/(W n ,triv) ~* < ^ Ti ^ UJ (Z rl ,N)/(W n ,triv) ~* °' 

The long exact cohomology sequence(s) associated to this have all coboundaries ; so we get the exact sequence: 



o w \Pi- X j-\u {Zn ff)l{Wn tHv ^ -> u q (Pi-iju {Zn t f, )/{Wn itriv) ) ®n q (P iij - 1 u (Zn t N )/{Wn 



triv) 



Proof. The first assertion is clear. In order to show that the second sequence is exact, it suffices to show the 
following two statements about cocycles: 

1 7P ■ -i fl _» 

2- ZP »-lj W ^ jJ v)/(lV„,tr 4 t,)® ZP ^^ lCJ ^„,JV)/(H'„,t™) Z ( P4 - 1 J W ^„,Ar)/(W„,tr l t,) + ' Pl J- lW ^„,JV)/(H'„,tr l t,)' 

The hrst statement is proved in the same way as the main step in Lemma 1.1.2 of [Mo]. If a is a local section 
of ZSl^l^f , assume that a is supported on some 

Di M xz • • • x z D 1>ki x z D 2 ,u x z ■ ■ ■ Xz D 2 ,i } , 
for some fci, . . . , ki,l\, . . . , lj £ {1, . . . , n}. Let 

p : Z n ->■ Di ifel x z • • • x z Di ifej x z L>2,i! x z • • • x z Am 3 
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be the retraction associated to the immersion 



Di M x z ■■■ x z D 1M x z D 2M x z ---x z D %lj Z n . 

Then p*a lifts a to a section of ZQ 9 ^ 1 ^ anc ^ the sec ti° n w a = P*a A A • • • A A A • • • A -p^ 2 - £ 
Pi - . „„, . , satisfies = and Res(cj) = a. From this, we know that the coboundaries of the long 

' J (Z n ,N)/(W„,triv) v / 7 o 

exact sequence associated to 

f »- 1 'J a; (^„,iV)/(W„,trit;) + f>i >J- lC<; (2„,JV)/(W„,t™) ^' W (Z„,iV)/(W„,trii;) Gr '^ W (2 n ,JV)/(VF„,t™) 

are 0, so we also know that 

W 9 ( P i-l,3 u (z n ,N)/(W n ,triv) + ' Pi >i- lU (Z n ,N)/(W n ,triv)) ^ ^(-^ J W (Z„i)/(H'„i™)) 

for every i, j > 1. 

For the second statement, we have to prove that if a £ P%-i jtv q „•>,,,„, . , and B £ Pi j-\u q „•>,,,„, 

' J (2„,n)/(Vv n ,tra) ' J (i n ,Jv)/(W ni trt«) 

satisfy d(a + /3) = then we can find a' £ ZP^^^^^ and 8' £ ZPij-^^^^ 
such that a' + 0' = a + 8. If a £ Pi_ij_iU! q ^,, w t - j then we are done, since we can just take 
a' = 0, 8' = a + 0. The same holds for 0. Otherwise, we have da £ P-ij-i so by the injectivity proved 
in statement 1 for (i — 1, j), we know that da — da\ + da 2 for some a\ £ Pi-ij-i and a 2 £ P%-2,j- Thus, 
we've reduced our problem from (i — to (i — 2, j). Proceeding by induction, we may assume that i = 0. 
In that case da 2 i £ Po,j-i- By (the same argument as in the proof of) Lemma 1.1.2 of [Mo], we have an 
injection 

U q {P Q j-iU {Zntfl)/(Wn triv) ) c — > U q {Po tj LJ {Zn t N )/(Wnttriv) ), 
so that implies da 2 i = da 2 i + \ for some a 2i+ i £ Poj-i- Then 

i i 

a' :=a- a 2i <+i) £ ZPi_ hj ,0' -.= + ^ a 2i >+i £ ZP^_ X 

i'=Q i'=0 

satisfy the desired relations. □ 
The double filtration Pi ,• on lo' -. . , induces a double filtration Pi on (7?: and for i,j>l the 



(2 n ,JV)/(iy n ,trTO) 

residue morphism Res : ^jW^^j^^^^, n £Ji) J /w - B factors through P^-C^. 



Lemma 3.3.3. For any two admissible liftings [Z\,N) and (Z 2 ,N) of (Y,M) we have a canonical isomor- 
phism 

a Zl z 2 : W(Pijd Zl n ) -> W(Pijd Z2 n ) 
satisfying the cocycle condition for any three admissible liftings. 

Moreover, the residue morphism Res z : H q (PijC Zn ) — > r H q ~ l ~ : > (^(i ) — Wn^yCM) induced on 
cohomology satisfies the compatibility 

Res Zl = Res z . 2 o a Zl z 2 . 

Proof. The proof of the first part is basically the same as the proof of Lemma 3.2.1. We take admissible 
lifts (Zi,N) and (Z 2 ,N) (we denote the log structures on both simply by N, as it will be understood from 
the context which is the underlying scheme). As in the proof of Lemma 3.2.1, we form (Z\ 2 ,N), which is 
smooth over (Zi, N), even though it is not quite an admissible lift. However, Z\ 2 is etale over 

Spec W[X l7 . . . , X n , Y 1 ,...,Y n ,X[,... X' n , Y{, . . . , Y^ vf\ . . . , vf\ uf \ . . . nf 1 }/^ - X[Y 3 v, - Y'). 
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So we can endow C Zvl n with a nitration Pi,jC' z n defined as above, in terms of log structures Ni and N 2 
(which come from formally "inverting" the Xi and X[ or the y and Y(). Then the same argument used in 
the proof of Lemma 3.2.1 gives us quasi- isomorphisms 

Pi,jCz i n — > Pi,jCz 12 , n 

for i = 1,2, which satisfy the right compatibility condition for three admissible lifts. 
For the second part, we follow the argument in Lemma 3.4 (2) of [Mo]. We let 

. dX kl dX ki dY h dY h 

uj = a A - A • • • A — — — A — ± A • • • A 



X kl 



be a section of Pi -. ,.„, . . and 

(Z lin ,N)/(W n ,triv) 



, dX' dX' k . dY' 

co = a A —P- A ■ ■ ■ A —P- A —P A • • • A 



K 



Y> 



be a section of Pi jCO q -. .,„, . , such that uj = co' in Pi -, ,,„, . We have to check that 

l ' 3 (Z 2 , n ,N)/(W n ,triv) l ' J (Z 12 , n ,N)/(W n ,trzv) 



a\ v (^j) = a'\ v (t,j)- But 



, , dX kl dX kt dY h dY h 

co - co = (a - a ) A — A • • • A A A • • • A + 



-X'fei 

,9 



where * g P^-i^ ^j/^,^) + ^-i ,^ (2a , n ,jv)/( Wn ,t™) 



X ki Y h Y h 
. This means that 



dx fel dx fci rfy h dy, 

(a - a ) A — A • • • A A -r^- 1 - A • • • A 



X, 



fei 



y. 



is also a section of Pij-iw^ ; ^ )/(Wnitrij;) + P-i,^^^^, 80 ( a ~ = °- 



□ 



Corollary 3.3.4. We can define the sheaves 

P^Wjo y -wiPijdy). 

The complexes PijW n u> Y form an increasing double filtration ofW n ui Y such that the graded pieces for i , j > 1 

Gr id W n uj Y := PijWnCby/Pij-! + 

are canonically isomorphic to the de Rham Witt complexes of the smooth subschemes yW); 

Res : GrijWn&Y ~> W n tt Y{tJ) [-i - - j). 

Lemma 3.3.5. The constructions in this sections are compatible with the transition morphisms ir, in the 
following way. 

1. The following diagrams are commutative: 

W n+1 cb Y > W n Co Y 



and 



A ^p- 

W n+1 oo Y ■ 
W n+1 £o Y - 

W n+1 co Y - 



W n co q Y 



W n Co 



~,q 
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2. The projection -k : W n+ iu> Y — > W n oj Y preserves the weight filtration Pij on W m ui Y for m = n, n + 1. 

3. The morphism ir : PijW n+ iU) Y ~ * Pi,jW n uJ Y * s surjective. 

Proof. The first part follows in the same way as Proposition 8.1 of [Na], by using a local admissible lifting 
(Z,N) of (Y,M) together with a lift of Frobenius $. Then $*(r) = T p {l+pu) for somen e O z ®w[r,a\W n < 
r,a > and so $*(dlogr) is equivalent to pdlogr modulo an exact form. The same holds for a. 

The second part follows in the same way as Proposition 8.4 of [Na]. The question is local, so we may 
assume that the admissible lift (Z, N) is etale over Spec W[Xi, . . . , X n , Y\, . . . , Y n ], W © N s . First we see 
that, for a lift <& of Frobenius we have that < J>*(cZlogX i ) is equivalent modulo an exact form to pdlogXi for 
1 < i < r and that $>*(dlogYj) is equivalent modulo an exact form to pdlogYj for 1 < j < s. This implies 
that the map p : W n u) Y — > W n +iCo Y preserves the weight filtration Pij. 

In order to see that ir : W n +iui Y — > W n u) Y also preserves Pij we use a descending induction on (i, j) in 
lexicographic order. Note that P r ^W n uJ Y — W n oj Y , so there is nothing to prove in this case. We can prove 
the result for (r, s — 1) in the same way as Proposition 8.4 (2) of [Na], using the commutative diagrams 



Pi iW 

w n+1 n q Y -l2 



Pi,jW n uJ Y 



•" — ^ ir„o;'. ' 



for successively equal to (r, s), (r — 1, s), . . . , (1, s). At the last step we get a commutative diagram of 
exact sequences 



»- P rtS -iW n +\OJ Y + Po, s W n+ -LU) Y P;s-1 W n +lUJ Y + Pl, s W n+ lU) Y W n+ iVL Y{ t^ s- , 



Pr,,-lM + P , s W n U) Y 



P r , a _iW n o£ + Pi, s W n ui Y 



w n n q Y( ! 



s-1 



which means there is an induced morphism n : P rtS -iW n +iOJ Y + Po yS W n +i^ Y — > P r , s -i W n uJ Y + Po. s W n ui Y . 
At this stage, we note that we can define 



y(0,.) = |J p| y* 



TC{l,...,n} \i£T 
#T=s 



This will be a simple reduced normal crossings divisor over k and we can endow it with the pullback of the 
log structure M\ so that (Y, M) is a (k, N)-semistable log scheme, in the terminology of section 2.4 of [Mo]. 
There is a surjective residue mophism obtained via restriction 



which respects the weight nitrations. Just as the commutative diagram 8.4.3 of [Na] is obtained, we can use 
the injectivity of p : W n u> Y ^ 3) -> W n+1 u> Y ^ s) for Y^ ^/k (Corollary 6.28 (2) of [Na]) to see that there is a 
commutative diagram 

P , s W n+1 ui Y —5^- P W n+1 u) Y ~o iS) . 



P , s W n uj Y 



: — ^P oWn u, Y Z s) 



25 



We therefore get a commutative diagram of exact sequences: 



P 



r.s — 1 



W n+ iu Y 



P r , s _lW„ + lU>« + P , s W n+1 Cj Y 



PoW n+1 Cj q Y - s _ 3) 



^ P r , S -lW n U)y + P , S W n 0Jy 



P W n u) Y(Oi3} 



so there is an induced morphism tt : P r , s -i W n+ iio Y — > P rtS -\W n Co Y . 

Finally, the third part follows in the same way as Corollary 8.6.4 of [Na]. For an admissible lift (Z, TV), 
let Zi := Z Xw k. We have surjective morphisms W n Q 9 Zi — > PofiW n u) Y , which commute with the transition 
morphisms tt. So tt is surjective for P ,o- Using the exact sequences of the form 



-> P ,j-iW n ti Y -> P ,jW n ti Y P W n o;«7^, 







and the surjectivity of 7r on the third term, we prove by induction on j that tt is surjective for Pqj. The 
same statement holds for P^o-Then, we prove that tt is surjective for a general Pj j by induction on i + j, 
using the exact sequences of the form 







□ 



4 Generalizing the Mokrane spectral sequence 

We define a double complex W n A" as follows. Its terms are 

3 



W n A ij := W n 5*+ J ' +2 /i1fe,i+j+2 + Pi+j+2,j-k for i, j > 



fc=0 



and WnA 13 := otherwise. The operators rf, 7r, P, V of W.lo' induce operators d' , tt, P, V of the pro-complexes 
W.A'i . For x in the direct summand W n Cb l Y 3+2 /Pk,i+j+2 + Pi+j+2,j-k of W n A %3 , d'x is the class of (— l) 3 dx, 
where a; is a lift of x in W n u^ i+2 . We also have a differential d" : W n A i3 VF„A^ +1 given by 



where — and — are the global sections of W n u Y defined in Lemma 3.2.5. We have d'd" = d"d' , so we indeed 
get a double pro-complex (W.A ", d', d"). As in Lemma 3.9 of [Mo], we can use devissage by weights to see 
that the components of this pro-complex are p-torsion-free. Let W.A' be the simple pro-complex associated 
to the double pro-complex W.A " . 

We define now an endomorphism v of bidegree (—1,1) of W n A " which will induce the monodromy 
operator on cohomology. For each k e {0, . . . , j} we have natural maps 

W^+'/Pk ,i+j+2 + Pi+j+2,j-k -^W n Lb Y J / PkA+j+2+Pi+j+2,j+l-k®W n LO Y 3 /Pk+l,i+j+2+Pi+j+2,j-k, 

which are sums of (— l)* +J+1 proj on each factor. Summing over k we get maps v : W n A 13 — > W n A l ~ lj+1 , 
which induce an endomorphism v of bidegree (—1,1). 
The morphism of compexes W n u> Y — > W n A'° given by 

dr da 
x i y — A — Ax 
t a 
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factors through W n uj' Y . We get a morphism of complexes 

9 : W n Lu Y -> W n A. 

The following lemma is analogous to Theorem 9.9 of [Na]. It ensures that the resulting spectral sequence 
will be compatible with the Frobenius endomorphism (defined as an endomorphism of VF„-modules). We let 
<!>„ : W n 0Jy — > W n ujY be the Frobenius endomorphism induced by the absolute Frobenius endomorphism of 
(Y,M). 

Lemma 4.1. Let n be a positive integer. Then the following hold: 

1. There exists a unique endomorphism ofW n A '' of double complexes, making the following diagram 
commutative: 

W n+1 A^ m -^^W n A^ m . 



W n Ai' m ■ 



id 



W n Ai' m 



2. The endomorphism induces an endomorphism <£>„ of the complex W n A' , fitting in a commutative 
diagram 

W n UJ Y W n LO Y . 



e 



e 



3. Finally, the Poincare residue isomorphism Res fits in the following commutative diagrams for i,j > 1: 



w n n q y 



GrijW n u) Y 



Res 



vv n* l Y (i,j) 



where <J/ n is an endomorphism ofW n cu Y which respects the weight filtration Pij and which induces <&^' 
on W n A>'. 

Proof. The proof is essentially the same as that of Theorem 9.9 of [Na]. We emphasize only the key points. 
We can define a morphism "J^ 9 : W n ui Y — > W n u> Y via the composition 



w n Q q Y A w n 



~q P J 
-lWy - 



W n+1 Lol -A W n Ql 



The fact that these morphisms commute with the maps and follows from the proof of the first part 
of Lemma 3.3.5. This implies that the second diagram is commutative. The fact that the respect the 
weight filtration follows from the analogous statement for p, which is proved in Lemma 3.3.5 as well. This 

means that we can use ^^+9+ 2 to define endomorphisms $£ 9 of W n A> q , at least for j > 1. For j = 0we use 

the Frobenius endomorphism <£>„ of W n (0 Y (k+i,j-k+i) ) together with the residue isomorphisms to define 
The commutativity of the first diagram now follows from the definitions, from the commutative diagram 



JX r ~q.m 

W n uJ Y ' 



p q F 

W„A*' m id ? W n A q 



Y 
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(which is deduced from pd = dp and dF = pFd) and from diagram 9.2.2 of [Na] in the case of a smooth 
morphism. The fact that the first diagram is commutative ensures the uniqueness of $-?' m . Finally, the third 
commutative diagram follows from the surjectivity of tt proved in Lemma 3.3.5, from from diagram 9.2.2 of 
[Na] in the case of a smooth morphism and from the commutative diagrams 

p itj w n+1 z Y w n+1 n q Y ~:- j 



P itj Wj, q Y — WnW-j-i 

for i,j > 1. □ 
Proposition 4.2. The sequence 

->• WnLJy 4 W n A" ^> WnA 1 ^ ... 

is exact. 

Proof. We follow the proof of Prop. 3.15 of [Mo]. Let 9 : Wjrf^ © Wjjy X -> W n £o Y be defined by 

dr da 

{x,y) H> — A x H Ay. 

r (j 



It suffices to check that the sequence 

( ^^ A) Wntiy" 1 © ^(i^ 1 A W n £& 

^-^ A ^^ +2 /(P0,i+2 + P+2,o) ^ W„^ +3 /(A, J+ 3 + Pi+3,0) © W„^ +3 /(f0,i+3 + Pi+3,l) ^ ■ • ■ ( 12 ) 

is exact. We do this by using first a devissage by weights, reducing to the case n = 1 and then using the fact 
that the scheme Y is locally etale over a product of (the special fibers of) strictly semistable schemes. 
We let 



Y ' 

j = V¥ n UJ Y tfcl W n UJ y . 

K_ 2 = W n Q Y , 



K i = (&W n ^ +2 /P k , l+J+2 + P i+j+2J _ k ,j > 0. 
fe=0 

For j > — 4,j ^ -1 we define a double filtration of Kj as follows: 

Pl.mK- 4 = Pl-2^ra-2W n Cj Y ' 2 , 

Pl <m K- 3 = Pl^rn-lWn&Y 1 © P-l, m -2 Wj^ 1 , 
Pl, m K- 2 := Pl--L, m -lW n Ul l Y , 

j 

Pl, m Kj := (§)Pi+ks7i+:j-kW n u Y : ' +2 /Pk,i+ J +2 + Pi+j+2,j-k,j > 0. 

k=Q 

Here we set the convention P^ m W n uj' t = if either I < or m < 0. The sequence (12) is a filtered sequence 
and to prove exactness it suffices to prove exactness for each graded piece 

Gn,mK 3 := Pi^Kj/iPt^Kj + Pi-x^Kj). 
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For I, m > we can rewrite the sequences of graded pieces as: 

Gr ; _ 2 ,m-2Vt^^~ 2 -> Gr / _ 2im _ 1 W„^ 1 © Gr;_ lim _2W„^ _1 -> Gr^i^iW^ -> 

-> Gr;, m W„u)*+ 2 -> Gn +hm W n ujt+ 3 © Gr;, m+ i W„u)*+ 3 

For I < or m < the sequence is trivial. 

It suffices to show that the sequence of complexes 

Gr;_ 2 , m -2W„av[-2] ->■ Grj_ 2 , m -i W n u)y [-1] © Gr;_i ;m _ 2 W„a; y [-1] -> Gr ; _i ;m _iW n o) y A 

Gr ( , m W„w y [2] -> Gr (+ i im W„^ y [3] © Gr z , m+ iW„w y [3] ->•... 
is exact. Note that we can check this locally. When /, m > 1 we know by Lemma 3.3.4 that 

Gr iiTO W n Q Y ~ W„O y(!im) [-Z - m](-Z - m). 

For Z = and m > 1 let Y^o,™ be the normal crossing divisor of D°' m corresponding to s = 0. In this case 
we have 

Gri tTn W n u! Y ~ [W„0 £) o,m(- log Ybo.m) -> H^O D o, m ] 
and for Z = 0, m = we have the quasi-isomorphism 

Gr ; , m w„£ y ~ [w„o z (- logy 1 -io g y 2 ) -> w n o z (- logr 1 ) © w n n z (- io g y 2 ) -> w n n^], 

where Z = Z ®w fc- 111 an y case, Gri. m W n uj' satisfies the property 

(limGrj m W n u>') ®^ R ™ - Gr ; . m W n w 

by Lemma 1.3.3 of [Mo] and Lemma 3.2.7. By Prop. 2.3.7 of [12], it suffices to check exactness of the 
sequence (4) for n = 1. 

For n = 1 and working locally with our admissible lifts we know that the exact sequence (4) is the 
pullback to y of the corresponding exact sequence on Yi X& Y2. We can assume that Y = Yi Xfe Y2 and 
Z = Z\ Xfe Zi- Each Yj for i = 1, 2 is a reduced normal crossings divisor in Zi, for which we know that 

Gr ;i _ 2 Wio) y .[-l] -> Gr^iWiWy, ->■ 

Grj Wiw^ [1] Gr i+ iVFiw yi [2] -> . . . 

is exact, by the proof of Proposition 3.15 of [Mo]. In other words, for i = 1, 2 we have quasi- isomorphisms 
between the top row and the bottom row. Multiplying the quasi-isomorphisms for i = 1 and 2 gives us 
excatly the quasi-isomorphism t needed to prove the exactness of (4) in the case n = 1. Here, we use the 
Cartier isomorphisms for W\Cjy i and for Wiuiy and the fact that 

where the two complexes on the left determine Wiu) Y . for i = 1,2 and the one on the right determines 

Witty □ 

Corollary 4.3. The morphism of complexes : W n u> Y W n A is a quasi-isomorphism. It induces a 
quasi-isomorphism 9 : Wu Y WA . 

Proposition 4.4. The endomorphism v ofW.A' induces the monodromy operator N over H *■ ((Y, M)/(W, N)). 
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Proof. We define the double complex B' n as follows: 

B- n = W n A i ~^ ®W n A^,i,j>0 

d'(xi,x 2 ) = (d'xi,d'x 2 ) 
d"(x u x 2 ) = (d"xi + v(x 2 ), d"x 2 ). 
We have a morphism of complexes : W n u) Y — > B n defined as follows, for x G W n uJ Y 

*^ = ((^~ t") Al (mod P ,i+i + ^i+i,o), ~ A ~ A 1 ( mod p o,i+2 + Pi+2,0) 
Thus we have a commutative diagram of of exact sequences of complexes: 

>■ W n LO Y [— 1] WnUy W n (jJ Y s- , 



e[-i] 



e 



>- W n A[-l] ^ B n > W n A 

where the left and right downward arrows are quasi-isomorphisms. Thus, \& is also a quasi-isomorphism 
and the commutiatve diagram defines an isomorphism of distinguished triangles. Thus the monodromy 
operator N on cohomology is induced by the couboundary operator of the bottom exact sequence, which by 
construction is v. □ 

We can compute the monodromy filtration of the nilpotent operator N on cohomology from the mon- 
odromy filtration of v on W n A . We will exhibit a filtration Pk{W n A) = ®i^>oPk{W n A^) which satisfies 
the following: 

1. v{P k {W.A)) c P k - 2 (W.A)(-l) 

2. For k > the induced map v k : Grk(W.A) — > GY_k(W.A)(— k) is an isomorphism. 
A filtration satisfying these two properties must be the monodromy filtration of v. 

Note 4.5. From now on, we will not work in the category £ of complexes of sheaves of PF-modules but rather 
in Q (gi £, which is the category with the same set of objects as £, but with morphisms Q <g> Viom<r(A, B). 
We will in fact identify the monodromy filtration of v on Q ® W n A , but for simplicity of notation we still 
denote an object A of €. as A when we regard it as an object of Q <g> €.. 

Define P ( (W„A") := (B t ^>oPi{W n A^) for I > 0, where 



if I < 2n - 2 - j 

©fc=o(X/m=0 3 Pk+m+l,2j-k+l-2n-m+3 + Pj-k,i+j+2) iil>2n-2- j 



It is easy to check that v{Pi{W n A 1 ^)) C Pi- 2 W n A l+1 ^ 1 . Moreover, we can also compute the graded pieces 
Gr,(W„A") = © i;j > Gn(W n A»), where 



Gvi(W n A ij ) == 




if I < 2n - 2 - j 
GTk+ m +i,2j-k+l-2n-m,+3W n U! Y rj ^ if I > 2n - 2 - j 



For I = 2n — 2 + h, with h > we claim that v induces an injection Gri(W n A l: >) ^ Gii-^WnA^). This can 
be verified through a standard combinatorial argument. We have 



h+j 

J Y 

k=0 m=0 



Gn(W n A ij ) =00 Gl(k+m) + l,2J+h+l-(k+ m )W n a\ 
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and 

j+l h+j-l 
fe=0 m=0 



Gn-i{W n A lJ ) = Gv {k+m)+h2j+h+l _ (k+m) W n ib\ 



The map ^ sends the term corresponding to a pair (k,m) to the direct sum of terms corresponding to 
(k,m) and to (k + l,m — 1). Therefore, it is easy to see that v restricted to the direct sum of terms for 
which k + m is constant is injective, so v is injective. Moreover, we see that v h induces an isomorphism 
Gr2n-2+h(W n A l: >) ~ Gr2n-2-h(W n A l ~ h ' : > +h ), since the terms on the right hand side are of the form 

j h+j 

CD CD Gr(k+m) + l,2j+h+l-(k+m) Wn^y^ 2 

and the terms on the left hand side are of the form 

3 h+j 



J Y ' 

m=0 fe=0 



^ ^ Gr (fe+m)+l,2j+/ l +l-(fe+m)W ; n^l 



so on either side we have the same number of terms corresponding to k + m. Since the filtration Pi(W n A") 
satisfies the two properties above, it must be the monodromy filtration of v. 

Note that the differentials d" on Gri(W.A") are always 0. Using the isomorphisms in Corollary 3.3.4 we 
can rewrite 

j j+h 

Gr2n-2 + h(W.A)c 00( W O r(fc+m+li2 . +)l+1 _ (fc+m) )[-2i-/ l ](-j-/ l ). 

j>0,j>-h k=0 m=0 

Thus, we get the following theorem. 
Theorem 4.6. There is a spectral sequence 

3 3+h 
j>Q,j>-h k=0 rn=0 

^ H cris( Y /W). 

Remark 4.7. Note that the closed strata y('i>' 2 ) are proper and smooth so the E~ h ' l+h terms of the spectral 
sequence are strictly pure of weight i + h. If the above spectral sequence degenerates at the first page, then 
Hg T - ls (Y/W) is pure of weight i. 

5 Proof of the main theorem 

In this section we prove the main theorem. By the discussion at the end of Section 2 its proof reduces to 
the following proposition. 

Proposition 5.1. Let A™f be the universal abelian variety over X™^. The direct limit of log crystalline 
cohomologies 

i™a«(#c 2 r r 2+m£ (^t xo* k/w) ® w m^w 1 - 6 ] 

is pure of a certain weight. 
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Proof. Recall that we've chosen 

U lw = U l x ^ pl ' p2 (m) x Iw„ lPl x Iw„,„ 2 c G(A°°). 

Pick to large enough such that {-K l ) u i 1 ' V2 ( m )^n, fl xiw„, P2 ^ Q) where ^ g I rr; (G(Q() is such that BC(n) = 
(- ; _1 IL. The results of Sections 3 and 4 apply to A™f . We have a stratification of its special fiber by closed 
Newton polygon strata A™f ST with S, T C {1, . . . ,n} non-empty. By Theorem 4.6 we have a spectral 
sequence 

^ fc = 00 K;* j - h ((<Ls,T/w)(-j-h) 

j>0,j>-hk=Om=0 #S=fe+m+l 

#T=2j+h+l-(k+m) 

=► ^ ris (^ w x OK fc/W). 

We replace the cohomology degree i by i + m^, tensor with Qj(ig), apply (which is obtained from a linear 
combination of etale morphisms), passing to a direct limit over U l and taking the n 1,s -isotypic components 
we get a spectral sequence: 

E - h , i+h= 00 ^(ac^-^-^^^/woei-^^^OKtcWP 1 - 8 ] 

j>0,j>-h fe=Om=0 #S=fe+m+l C/' 
#T=2j+h+l-(k+m) 

E7' 

For any compact open subgroup U l C G(A°°'') and any prime p 7^ I with isomorphism t p : Q p —> C set 
e' := (tp)" V and n' := (tp)-^ 1 . 
We have 

<^QtoatH^*- 2i -\{A%- tS>T /W)(-j h) ® WiT0 QOW^f 
u' 

= dim 0p (hm ae ^+^'- 2 ^' l (^ wjST ,Q p ))[(n') e ] C/! 

U' 

u' 

The first equality is a consequence of the main theorem of [GM] and of Theorem 2 (2) of [KM]. The 
former proves that crystalline cohomology is a Weil cohomology theory in the strong sense. The latter is 
the statement that the characteristic polynomial on H l {X) of an integrally algebraic cycle on X x X of 
codimension n, for a projective smooth variety X/k of dimension n. is independent of the Weil cohomology 
theory H. 

The dimension in the third row is equal to unless i — 2n — 2 by Prop. 5.10 of [C]. Therefore, 
£-h,i+h _ q umegs i = 2n — 2, so the E\ page of the spectral sequence is concentrated on a diagonal. The 
spectral sequence degenerates at the E\ page and the term corresponding to ^ g s |- r j ct jy p Ure f 

weight h + 2n — 2 + to^ — 2t^, which shows that the abutment is pure. □ 
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